Techniques for revealing the ground state of the static quark potential at large separations are presented and evaluated. The static quark potential is calculated on both unimproved and improved lattice gauge field configurations. Both lattices are 16 3 × 32 and have approximately the same lattice spacing (≈ 0.18 fm). We show that using an improved gluon action not only gives better rotational symmetry, but also leads to an improvement in the signal to noise ratio in the static quark potential at large qq separations. This data, extending spatial separations by 25%, facilitates the development of a new method for evaluating the extent to which the ground state potential is isolated.
Recently, efforts have been made to try to overcome this problem [7] [8] [9] [10] . We are motivated by the encouraging results of Ref. [7] , studying string breaking via Wilson loops in 2 + 1 dimensional QCD. In this paper, we explore the merits of using an improved gauge action in the generation of the gluon field configurations. We also present a new method for evaluating the degree to which the ground state of the static quark potential is isolated in the Wilson loop correlation function. Off-axis points play a central role in this diagnostic technique.
Here we deal with pure gauge fields (ie. quenched QCD) and, as such, are unable to detect string breaking. What we aim to do however, is illustrate the benefits of using improved gauge fields as opposed to unimproved ones. One important use of improved actions in the past has been to ensure improved rotational symmetry compared to unimproved actions [11] . However, we observe here a significant gain in the signal to noise ratio in the static quark potential at largeseparations and hence suggest that improved gluon actions be adopted by those pursuing dynamical fermions to increase the chances of detecting string breaking. To aid in evaluating the extent to which the ground state dominates the correlation function, we illustrate the use of a new diagnostic method.
Section II outlines the improved action. Section III briefly explains our technique for calculating the static quark potential from Wilson loops. The ease with which our diagnostic tool can be implemented is illustrated here. In Section IV, we present and discuss our results. We end with a brief conclusion in Section V.
Eq.(1) reproduces the continuum action as a → 0, provided that β takes the standard value 1 of 6/g 2 . Perturbative corrections to this action are estimated to be of the order of two to three percent [11] .
B. Numerical Simulations.
Gauge configurations are generated using the Cabibbo-Marinari [14] pseudoheat-bath algorithm with three diagonal SU(2) subgroups. Simulations are performed using a parallel algorithm on a Thinking Machines Corporations (TMC) CM5 with appropriate link partitioning. Configurations are generated on a 16
3 × 32 lattice at β = 5.70 using a Standard Wilson action which corresponds to a lattice spacing a = 0.183(2) fm, and on a 16
3 × 32 lattice at β = 4.38 using the Improved Action (Eq. 3) which corresponds to a lattice spacing a = 0.168(2) fm. Thus the two lattices have approximately the same lattice spacing and physical volume.
Configurations are selected after 5000 thermalization sweeps from a cold start. The mean link, u 0 , is averaged every 10 sweeps and updated during thermalization. For the standard Wilson action, configurations are selected every 1000 sweeps, while for the Improved Action, configurations are separated by 500 sweeps. The following analysis is based on an ensemble of 50 configurations for each action.
III. THE STATIC QUARK POTENTIAL
The static quark potential is determined from Wilson loops W (r, t) of area r × t, W (r, t) = C(r) exp(−V (r)t) + excited state contributions .
In order to enhance the overlap C(r) with the ground state, the spatial links are smeared. A variety of smearing parameters are investigated via APE smearing, which is a gauge equivariant [15] way of averaging a link with its neighbors. This smearing procedure replaces a spatial link U µ (x), with a sum of the link and α times it's spatial staples:
This is applied to all spatial links on the lattice and repeated n times, followed by projection back to SU(3). The smearing fraction, α, is fixed at 0.7 and the number of smearing sweeps, n, is varied over the values 10, 20, 30 and 40. The best results on a 16 3 × 32 lattice with lattice spacing ≈ 0.18 fm, are obtained using α = 0.7 and n = 30 for both the improved and unimproved gauge actions. This corresponds to a transverse RMS radius for the smeared links of just over 0.5 fm. Here the transverse RMS radius after n sweeps is defined by
where
Analogous to the RMS smearing radius of Jacobi Fermion Source Smearing [16] , this provides a reasonable estimate of the transverse smearing of mean field improved links (U µ (x) ∼ 1).
Wilson loops, W (r, t), or more precisely W (x, y, z, t) where r 2 = x 2 + y 2 + z 2 , are calculated both on-axis, along the Cartesian directions, and off-axis. On-axis Wilson loops are those that lie, e.g., in the x − t plane only; off-axis loops begin, for example, by first stepping into the y or z (or both) directions before proceeding through the x − t plane. Due to the periodicity of the lattice, the size of our Wilson loops don't extend to the full size of the lattice, instead we let r and t take values between 1 and a little over half the smallest lattice dimension in the on-axis directions and between 0 and 3 in the transverse directions. For example, for a 16 3 × 32 lattice, the sizes of the Wilson Loops, t × x × y × z, vary from a 1 × 1 × 0 × 0 loop, to a 10 × 10 × 3 × 3 loop. Statistics are improved by transposing the loops over all points on the lattice and by rotating through the three spatial directions.
In order to efficiently calculate Wilson loops of various sizes, including off-axis loops, we build products of links in each direction that we are considering for our Wilson loop. The loop is formed by multiplying the sides together. Each side is created by reusing the components of the previous loop and one additional link in one of the dimensions of the loop. For example, if we start with a 1 × 1 loop, we create a 1 × 2 loop by adding on a link in one of the directions, similarly the 1 × 3 loop is created from the 1 × 2 loop followed by the 1 × 4 all the way up to 1 × 10. The same procedure is followed to create 2 × 1 through to 2 × 10 etc. Using this technique, the only operations that need to be performed in order to calculate any one loop are to add on one link to one of the sides from the previous loop, and then to multiply the sides together. The same can be applied when calculating loops that travel off-axis.
Once all the Wilson loops, W (r, t), have been calculated, we calculate the "effective" potential,
which is expected to be independent of t for t ≫ 0. Figure 1 displays the effective potential obtained from 50 configurations generated via the improved action at β = 4.38. For r ≥ 7, we find that the signal is generally dominated by noise for t > 4, so we set the upper limit of our fitting range to t max = 4. The good plateau behavior at small Euclidean time is a reflection of the optimized smearing. Since choosing the lower limit t min = 1 leads to an increase of χ 2 /d.o.f, we fix the fitting range to be, in most cases, t = 2 to 4. The string tension is then extracted from the ansatz,
where e = π/12 [17] , and V 0 and σ are fit parameters. The error analysis is done using the Bootstrap method. The values for V (r) + e/r = σr + V 0 are then fitted to a line and the slope, σ, and intercept, V 0 , are extracted. Using √ σ = 440 MeV to set the scale, the lattice spacings are then determined.
IV. DISCUSSION

A. Wilson Loop Correlation Function
To have any hope of seeing string breaking, the gauge links must first be smeared to improve the overlap of the ground state. The effect of smearing the links (Eq. (6)) before calculating Wilson Loops is well known and is seen by comparing the unsmeared loops of Fig. 2 with the smeared loops of Fig. 1 . In both the improved and unimproved cases, the signal is extremely unstable for r > 2 and t > 1 for the unsmeared loops, whereas the smeared loops have a clean signal up to r ≈ 8 for the first two or three time slices with as few as 50 configurations. Figure 3 illustrates the plateau nature of the effective potential for the unimproved action with optimal smearing. The benefits of the improved action are apparent in Fig. 1 . For large separations (r ≥ 5) the signal typically extends for an additional step in Euclidean time.
Smearing provides access to the static quark potential at larger distances, providing a better chance of eventually being able to detect string breaking. Also, the lines with smeared links exhibit better plateau behavior than the unsmeared ones, indicating that we have better isolation of the ground state.
B. Banding in the Static Quark Potential
To see the effect that smearing the links has on the static quark potential, we compare Figs 4 and 5. Fig. 4 is a plot of V (r) vs r using smeared links, fitting in the Euclidean time region t = 2 −4, and using only 50 configurations. This plot shows that we can obtain a very clear signal up to r/a = 9.5, where the potential tends to flatten off due to noise. [Note that if were dealing with full QCD, this plateau might be mistaken as a sign of string breaking. Hence care is needed when investigating the static quark potential in full QCD so that any loss of signal due to noise is not mistakenly taken as a sign of string breaking.] Fig. 5 is fitted in the same time region, t = 2 − 4, and uses the same 50 configurations, but without smearing. Here the signal is lost very early (around r/a = 5), clearly showing that smearing the links improves the operator used to separate thepair. Another important feature to note while comparing these two plots, is that the line of best fit in the smeared case (Fig. 4) is lower than the line of best fit in the unsmeared case (Fig. 5) , indicating that we have lowered the potential and hence have further isolated the ground state. It is also worth pointing out that in Fig. 5 , there is evidence of a slight "banding" effect developing in the off-axis points at about r/a = 3. Since our off-axis points are obtained by firstly stepping in one direction and then stepping in a different Cartesian direction, we are forming a right angle, not an approximate straight line. Hence, we expect that this banding is due to increased overlap with excited states in the potential. Since this banding is negligible in the smeared case (Fig. 4) , it reinforces the idea of improving the isolation of the ground state by smearing.
The effect of smearing the links is also seen when comparing Figs. 6 and 7, which are plots of V (r) vs r fitted in the Euclidean time region t = 1 − 2, again using only 50 configurations. Fig. 6 uses smeared links while Fig. 7 uses unsmeared links and a similar scenario to that mentioned above can be seen arising. The potential calculated using unsmeared links loses the signal at much smallerseparations than when smeared links are used. The banding effect that we noticed in Fig. 5 is also present and large in both of these plots, and is particularly extreme when using unsmeared links (Fig. 7) , indicating that we have not isolated the ground state at all. This is reinforced by noting how steep the slope of the line of best fit is in Fig. 7 , indicating that excited states of the potential are making a significant contribution to the final result. Now that we fully understand the effect that smearing our gauge field links has on the static quark potential, we use the smeared gauge field configurations to examine what effect letting our system evolve in time has on the static quark potential. The potential in Fig. 6 is calculated by fitting to time slices t = 1 − 2 so according to Eq. (5), we would not expect to have a clean isolation of the ground state, and this can be seen by noting the banding that begins to come in around r/a = 6. However, if we now let our system evolve in time and extract the potential from t = 2 − 4 (Fig.4) , the banding effect largely disappears and provides confidence that the ground state dominates.
An important point to note is that if we hadn't considered off-axis points when calculating the potential, we would have only seen the nice linear rise of the Cartesian points, i.e., the lowest point of each band in Figs. 6 or 7, and the banding effect would not be present. If this was the case, we might have easily made the assumption that we had isolated the ground state, which is quite obviously incorrect. Qualitatively similar results are seen for the unimproved gauge field configurations with β = 5.70.
Hence, we observe that this banding effect may be used as a diagnostic tool for evaluating the degree to which the ground state potential dominates the Wilson loop correlation function. The banding effect vanishes only with optimal smearing and sufficient Euclidean time evolution. As a consequence of this banding, one should not use off axis points when fitting for the string tension. We only use these points as a test to see if we have dominate overlap with the ground state.
C. Effect Of Using Improved Gauge Field Configurations
Historically, the main feature of improved gauge field actions is the improved rotational symmetry [11] . This can be seen in our configurations by comparing Figs. 8 and 9 . These graphs are enlargements of the small-r area. The off axis points for the improved β = 4.38 lattices lie closer to the line of best fit through the Cartesian points than the unimproved β = 5.70 lattices. A feature of our improved gauge field configurations that we see arising in our plots, is an improvement in the signal to noise ratio of the static quark potential at largeseparations. This improvement in the signal to noise ratio of our improved gauge fields is also evident in studies of Landau gauge fixing [18, 19] . In Fig. 10 , the unimproved configurations lose the signal around r/a = 7.5 (r = 1.37 fm) when using time slices t = 2 − 4, whereas from Fig. 4 we see that the improved configurations hold the signal up to r/a = 9.5 (r = 1.59 fm) when using t = 2 − 4. This is an important factor to consider when searching for string breaking in full QCD. By using improved gauge field configurations, one can explore 25% largerseparations providing a better chance of detecting string breaking.
V. CONCLUSIONS
We have calculated the static quark potential in quenched QCD using improved and unimproved gluon actions. We have kept both the lattice spacing and the physical volume of these lattices approximately equal so that we can meaningfully compare the results. Not only have we seen the expected improvement in rotational symmetry in the improved gauge fields, but we also observe a significant improvement in the signal to noise ratio of the static quark potential at largeseparations. This is an important feature to consider when searching for string breaking in full QCD.
We propose that the "banding" effect observed for example in Fig. 6 be used as a new method for evaluating the degree to which the ground state potential is isolated in the Wilson 
